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1 Introduction

Since a few years, the braneworld idea put forward already in the eighties [1, 2] has made
a spectacular comeback becoming a vital ingredient of higher-dimensional theories. In
essence, the idea is that by confining the Standard Model fields on a brane, a hypersurface
embedded in a higher-dimensional space-time, one can obtain a low energy theory which
looks four-dimensional without the need to compactify the extra dimensions.

In the original scenarios, branes are modelled as defects of a higher-dimensional field
theory, domain walls [1] or strings [2]. Light modes of the higher-dimensional fields, lo-
calized on the defect, are interpreted as four-dimensional particles. Using these scenarios,
one can naturally build theories with scalars and fermions living on the defect - e.g. in [1]
fermions were incorporated through Yukawa interaction with the scalar creating the do-
main wall. Localization of gauge fields is, however, rather problematic (especially for the



non-abelian fields, because of the difficulty to achieve charge universality), although some
ideas towards the resolution of this problem have been pursued in [3].

The recent revival of the braneworld idea was stimulated by new achievements within
the string theory, in particular the discovery [4] of Dirichlet branes (or D-branes), solitons
of the string theory on which open strings can end and which have the property of local-
izing gauge fields (as well as fermions and bosons interacting with them). It has also been
realized that gravity can be incorporated into the braneworld picture, along one of two
alternative approaches: The first idea, put forward in the ADD models [5, 6], was sim-
ply to use compactification to make gravity four-dimensional (at distances exceeding the
compactification scale), but under the assumption that only gravity can probe the extra
dimensions, all the Standard Model fields being confined on a brane by some mechanism
or other. The advantage, compared to the classic Kaluza-Klein picture, was to allow for
much bigger size of the extra dimensions, as it was only constrained by the small-distance
Newton’s law experiments. In this scenario the gravitational backreaction of the brane
on the bulk geometry is supposed to be negligible. The second approach, put forward in
the RS models [7, 8], is to trap gravity itself on a brane through warping of space-time.
Indeed, it was shown in [7, 8] that when a brane is embedded in a five-dimensional anti-de
Sitter space-time, the spectrum of excitations of the five-dimensional graviton contains a
localized zero mode, which can be seen as a four-dimensional graviton.

Infinitely thin branes appearing in the RS or ADD models can be thought as approxi-
mations of smooth structures, thick branes, defects of some higher-dimensional field theory.
Several regularized versions of the non-compact RS2 model have been constructed [9-12],
along very much the same lines as in [1], using smooth gravitating domain walls to gen-
erate warped geometry. As for the ADD models, their physics has been studied using an
effective description of the brane and its four-dimensional field theory (without actually
dealing with the question of how the brane appears). This approach, motivated by the
lack of a truly realistic model within which the Standard Model would be localized on a
brane (or several branes) — be it field-theoretical model or string theory model' — has
been developped in [13]. It relies on the four- and five-dimensional covariance principles
to construct the action for a field theory on a thin brane, with Nambu-Goto [16] action
as a foundation. This approach proved to be a very powerful tool to study the physics of
excitations of the ADD-type models, the spectrum of which contains besides the Kaluza-
Klein gravitons, also brane’s own excitations: exotic scalar particles called branons [17, 18].
Branons can be interpreted as Goldstone bosons appearing as a result of breaking of the
isometries of the extra space by the presence of the brane. It was shown [19] that when the
brane tension in much smaller than the fundamental scale of gravity, massive Kaluza-Klein
modes decouple from the branons, allowing (at least in principle) a low-energy description
of the dynamics of these particles. It has been argued [18] that when the isometries being
broken are not exact, branons get a mass. Massive branons has been advocated as dark
matter candidates [20, 21|, as they are supposed to be stable and interact very weakly with

!Note that an impressive progress has been made in the recent years in constructing semi-realistic
intersecting D-brane models, see e.g. the reviews [14, 15] and the references therein.



the Standard Model fields. It was suggested [22, 23] that they could be observed in collider
experiments (see [24, 25] for LEP limits).

The aim of the present work is to determine the four-dimensional low energy effective
field theory on a brane in an explicit five-dimensional model and to verify how close it is
to the Nambu-Goto action. Our main goal is to investigate the form and the strength of
branon interactions. We do not aspire to present a realistic braneworld scenario and for
the sake of simplicity, our study will be based on a very basic setup, where the brane is
modelled as a domain wall in a five-dimensional Minkowski space-time and is populated
only by a light scalar field and a massless branon. We will ignore the issue of producing
four-dimensional gravity, which could either appear as induced gravity [26, 27] or produced
through compactification of extra dimension(s), and concentrate on the interactions of the
scalar with the branon excitation. Given that both fields are localized on the brane and in
view of the results of [19], we do not expect their interactions to be influenced by the size
of the extra dimensions.

The paper is organized as follows: in section 2, we briefly remind the Nambu-Goto
description of a brane. In section 3, we present the five-dimensional domain wall model
with two scalars and determine its spectrum of excitations. Section 4 is devoted to the
calculation of the four-dimensional low energy effective action for this model and its com-
parison with the Nambu-Goto action. In section 5 we discuss physical implications of the

additional branon interaction appearing in our action.

2 Nambu-Goto action for the brane

The effective action for the field theory on a thin brane was constructed, by symmetry
considerations, in [13]. Let us remind briefly this approach in order to set up the notations
and to facilitate the analysis of our results.

Let us consider a thin brane embedded in a five-dimensional bulk which we will take to
be a Minkowski space-time — a simplifying assumption, which is justified in the absence
of any other fields in the bulk and when the brane tension 7 is small compared to the
fundamental gravity scale, 7 < Mj%,, so that we can neglect the backreaction of the brane
on the bulk geometry. Let us denote the bulk coordinates as XM, M = 0,...,4 and let the

internal coordinates on the brane be z#, u = 0,...,3. The brane is then a hypersurface
which can be described through parametric equations X = YM(z). If we choose the
gauge YH(z) = 2#, u = 0,...,3, the induced metric reads:?

9w = 0, YMO,YNnun = 1w — 9,Y0,Y (2.1)

where Y (z) = Y4(z) denotes the position of the fluctuating brane in the bulk. From the
four-dimensional point of view, Y () is a dynamical massless scalar field, a so-called branon:
Goldstone boson appearing as a consequence of the breaking of translation symmetry along
the extra dimension by the presence of the brane.

*We use the “mostly minus” convention for the signature of the metric, that is nuny =
diag(1,-1,-1,-1,—1).



The prescription for constructing the effective action describing a four-dimensional
field theory on the brane is that it should obey the five-dimensional covariance, as well as
be invariant under four-dimensional coordinate transformations. As a result, the effective
action is basically the usual action for a matter field in a curved space-time (the metric of
which is the induced metric g, ). In particular, supposing that the only matter field on
the brane is a scalar v; with a potential V(vy) = m3v?/2 + \vi/4 (which is the case we
will be concerned with in what follows), the brane action reads:

1
Sls\jcg;lar = /d4$\/§{—7' + ['scalar} = /d4$\/§ {—T + 59“”8MU18M01 — V(Ul)}. (2.2)

The leading constant term in the action is the Nambu-Goto term, 7 being the brane tension.
As it is transparent from (2.2), branons interact with the matter fields localized on the brane
only through the induced metric - their interactions are therefore only derivative.> These
interactions can be seen more explicitly in the low energy expansion:

1 -~ ~, 1 ~ ~\ 2 1 1 A

1 o 1 -
+E(3“Y(9”Y6Hv1&,vl - E@“Y@LY [0%010qv1 — MivT] + ... }, (2.3)
where we have rescaled Y (x), introducing;:

Y (2) = V7Y (2)

which carries the mass dimension of a four-dimensional scalar field, and used:
1 - .
g =" + —0'YO'Y + ...
27
and
1
_2

1 - N2
— 1 — MV _ I
Vi =1-n"0,70,Y - = (07, 7) +...

-

Our goal will be to determine the effective action in a domain wall model containing
two scalar fields and to verify how close this action is to the action (2.2), to which we will
from now on loosely refer as to the Nambu-Goto action.

Depending on the accuracy of the calculations, we might expect in our action correc-
tions coming from the finite width of the domain wall. Such corrections to the Nambu-Goto
action were investigated in [28-30] using Gauss-Coddazzi formalism and were found to be
proportional to the brane’s curvature (both intrinsic and extrinsic). More explicitly, it was
found in [30] that for the case of the A®* domain-wall model, the action of the brane reads

(in the absence of matter on the brane):

S —/d4 = L] yo (L (2.4)
brane = I\ T 24a?2 3a? at) |’ ’

where R denotes the curvature scalar and K the extrinsic curvature of the brane and a1
is the width of the domain wall.

3When gauge fields are present, branons can also have interactions of other type, see [17].



3 Setup: two-field domain wall

As an explicit field-theoretical (toy) model of a braneworld, we will use a five-dimensional

domain wall model with two scalar fields, described by the following action:*

1 1
S = /d4xdy [inMNanwN@ + §nMNaMEaNE -V (®,5)],

V(®,5) = 2 (®2 - v?)” + Az

1 1
T iR 5M?EQ + 504(<1>2 —?)=2, (3.1)

Provided Aov?* > (av?—M?)2, the system has a degenerate ground state (®gs = +v,Zgs =
0) and we can therefore set up a domain wall interpolating between the two vacua.® It can
be easily verified that the kink configuration:

(Pr,ZEx) = (vtanh(ay),0) (3.2)

with a? = \v?/2 is always a solution to the classical equations of motion.

As per usual, excitations of ® and = localized on the defect will play the role of the
four-dimensional fields. In order to determine the field content of the four-dimensional
theory we consider perturbations around the kink configuration, which can be written:

(w,y) = Pre(y) + 6(z, ) ¥ Fu(g)un(2).
S(z,y) = £(z.y) = g i () (3.3)

where we use the sign [ as a shorthand indicating both summing over the discrete states
of the spectrum and integration over the continuum. The modes u,(z) and v,(x) sat-
isfy the four-dimensional Klein-Gordon equations (and therefore can be interpreted as
four-dimensional scalar fields) and f,(y) and h,(y) are the wavefunctions determining the
localization of the modes on the brane (f,,(y) being the familiar normal modes of the kink).
These satisfy the following Schrédinger-like equations:

6o’ )>fn w2 f

—9%f + (4a® — ——
yIn < cosh?(ay
v

—d2h +<M2—7>h = mih,
yok cosh?(ay) k= Tk

where the eigenvalues m?2 and 2 are masses of the four-dimensional fields (squared).

(3.4)

As expected, the lightest state in our model is the zero mode ug(x) with wavefunction:

V3a

2 cosh?(ay) (8:5)

foly) =

“This model has also been considered in [31] where the spectrum of its perturbations has been determined.

5Condition Av* > (av®—M?)? ensures that the potential is positive everywhere except at (®as, ZEgs) =
(£v,0) where it vanishes. The detailed form of the potential depends on the choice of parameters and for
instance for M? < av? additional local minima (with higher energy) may appear.



It is the translation mode of the kink, appearing as a result of spontaneous breaking of the
translation invariance along the extra dimension by the presence of the brane. It should be
noted that (3.2) is one among the infinity of kink configurations of equal energy. Indeed, as
the Lagrangian in (3.1) is translationaly invariant, the equations of motion are satisfied by

(@, 2) = (vtanh(a(y — yo)), 0)

for an arbitrary yo. Naturally, being y-dependent any such kink configuration breaks the
translational symmetry. Under an infinitesimal translation, ®x changes by:

ADyg = Dy (y — dyo) — Pr(y) = —0yo Pk (v),

where @' (y) is nothing else but the eigenfunction fj of the zero mode (up to a normaliza-
tion constant). The fact that ug is massless reflects the fact that a displacement leaves the
kink’s energy unchanged.

The rest of the spectrum of perturbations of ® consists of a heavy mode of mass
m? = 3a? and of the continuum of modes which are not localized on the brane.

As for the spectrum of =, the number of modes localized on the brane and their
masses depend on the parameters of our model. The lowest localized mode of Z is vy (x)

Niva

cosh” (ay)

with wavefunction:

hi(y) = (3.6)

where

1 1 [ _a ©  dya \?  |T(0+3)
=4+ -, /1+8= d N = _— =\ — . 3.7
7 2 + 2 * P ! </_Oo cosh20(ay)> V7l(o) (37)

Mass of vi(x) is given by
fh% = —o2a® + M?

and therefore it can be made small (compared to a, the heavy scale of the model) by setting

with |e] < 1. We have then

Whether or not there are other localized modes in the spectrum of = depends on the
value of o, but if they are present, their masses are necessarily large compared to m;. We
thus have a gap between the light and the heavy modes which can be made arbitrarily
large by tuning e.

To resume, the particle content of our low energy four-dimensional theory will consist
of two scalar fields — one massless ug which is an intrinsic brane perturbation, and one
massive vy, which will play the role of the “matter field” localized on the brane. The
gap between the light modes and the heavy modes is proportional to a, and therefore



the larger a is, the wider the gap becomes. This feature will allow us to derive the four-
dimensional low energy effective action for the light fields as a series in powers of 1/a (or,
equivalently, in powers of €). Additionally, as our calculations will be mainly classical,
we need to work in the weak coupling regime in order to be able to neglect consistently
quantum corrections.® To this aim, we require that all the five-dimensional couplings are
roughly of the same order and small (in dimensionless units),

Aa ~ A~ aa < 1. (3.8)

The effects of the nonlinear couplings in effective action can therefore also be expanded
in powers of these couplings. Note that in the following, we will use the fact that these
couplings are of the same order and loosely refer to this as the expansion in powers of Aa.
In order to ensure that the radiative corrections do not spoil the mass hierarchy of the
modes, we will also assume €2 > \a.

In fact, rather than using (3.3) in order to derive the four-dimensional low energy
effective action, it is judicious to replace ug(x) with a collective coordinate (see e.g. [32])
associated with the translation of the kink which we will denote Y'(x),” and rewrite the
perturbations around the classical kink configuration as follows:

Bla,y) = Bicly — V(@) + 3 uly— V(@) ua(a),
n#0 (3.9)
Z(e.) = haly = Y@)or(@) + 3 huly — V(@) (o)
n#1

This parametrization has two advantages: first of all, the collective coordinate Y (z) has
a simple geometric interpretation as the transverse coordinate of the brane (hence our
choice of notation) and therefore using the collective coordinate approach allows us to
make a direct connection with the geometric framework in which the Nambu-Goto action
is obtained (as described in section 2). The comparison between the low energy effective
action of the domain wall, which we will present in the next section and the Nambu-Goto
action, egs. (2.2) and (2.3), will be completely straightforward. Secondly, expansion (3.9)
captures the Goldstone boson nature of the massless scalar present in our theory better
than (3.3), yielding automatically only derivative interactions for the branon field Y (z).

4 Effective action

Let us now proceed to determine the four-dimensional low energy effective action, which
is constructed, as usual, as a series in the inverse of the heavy scale of the model (in our
case, a) and its small parameters, in our case € = 7 /a and Aa (let us remind that \a < 1is
the weak coupling condition for our model). More specifically, our goal will be to determine

5The first quantum corrections typically take the form of the one loop diagram with two A®* vertices.
In five dimensions this diagram will be of order A\%a. Imposing that this correction is small in comparison
to just one ®* vertex gives A2a < .

"Essentially, introducing Y (z) amounts to promoting the constant yo denoting the position of the center
of the kink into a dynamical variable.



the effective action at the tree level at the first order in coupling A. Our aim is to get more
insight into the interactions of the zero mode (the branon field). Comparison with the
Nambu-Goto action (2.3) requires that we determine the action up to the order O(1/7).

4.1 Formal expansion

In order to calculate the effective action, we first substitute the expansion (3.9) into the
action (3.1) and perform the integration over y (using the orthonormality of the wavefunc-
tions f,,(y) and h,(y)). Unsurprisingly, this produces a four-dimensional action containing
a plethora of terms, including interactions between the light fields, interactions of the light
fields with one, two or three heavy fields and finally interaction terms involving only the
heavy fields. More explicitly:

(0)
1. ~. ~ 1 1 ~ o~
S = / d*z {—T + 50"V 0Y + S0 01901 — §m§v%—% vl + A\ Y0,V +

1 1 ~ in
+ 3 2 [0Fun Oyun — miui] + 52 [0 v, 0,0, — mivi] + ﬁhetavy} (4.1)
n#0 n#l1
where Eihrgavy contains the interactions between the heavy and the light modes and where

again, as in section 2, we have replaced Y (x) by the properly normalized field Y (z):
Y(z) = V7Y (2).

The leading term of our action:

4 8a3
— d q)/Q:_ 2:_
T / Y 3av 5\

is the tension of the brane (the energy density of the kink). Let us notice that the weak cou-
pling condition (3.8) implies 7 > a*. The couplings of the interaction terms involving only
the light fields can be expressed by the parameters of the five-dimensional model as follows:

- S hre
A0 = )\/dy = Xa (o + I 0)1 (4.2)
VT2 (o)I'(20 + 3)
© _ 1 du 2 — o2 a_2 _ 302 A A
Al29) T/ YT 0 20) 7 T 8(1+20)a’ (4.3)

Finally, sorting the interactions between light and heavy modes by the number of heavy

modes we have

; 1
‘Cilnetavy = Jr(Ll)un + 5 Z Jr(zi)munum + 2 Kﬁmunaﬂum +
n,m#0 n,m#0

- 1 ~ =
+ Jr(bl)?)n + 5 Z Jy(r%%vnvm + 2 Krlfmvnaﬂvm +
n,m#1 n,m#1

+ Z: j,(%)lunvm +..., (4.4)
1

3
BIN
=)

n

HS
NN

3
BIN
=)
3



Figure 1. Heavy mode correction to the quartic coupling of the light mode

1) 51 52 52 52

where Jn ', Jn’, Jnms Jnms Jnm, Khm and f(,’fm denote some combinations of the light
fields. Their exact form is at this stage inessential (see appendix A for the explicit expres-
sions). The dots stand for all interaction terms containing three or four heavy fields.

Now, one might presume that at least at the leading order of approximation, the ef-
fective action can be obtained simply by ignoring the heavy fields altogether and is given
by the first line of the action (4.1), which contains the kinetic terms for v; and Y and
two interaction terms involving only these two light fields. As it happens, an action thus
obtained would fail to capture properly the interactions of our low energy effective four-
dimensional theory which, as we will see shortly, are strongly modified by the presence of
the heavy modes.

The reason as for why this would have been the case, lies in the presence of trilinear
interaction terms of the form Ilh between the light modes (I) and the heavy modes (h),
g

e.g. viu, or 8“}78ﬂf/un appearing in the action (4.1) through Jy ’u,,.

It was already pointed out in [33], in the context of 4D low energy effective actions
derived from higher-dimensional theories with broken symmetries, that when terms of the
type llh are present in the theory, the heavy modes cannot be simply dropped, as they will
contribute to the effective action at the fourth order in fields through diagrams of the type
depicted schematically on figure 1. What’s more, due to the specific hierarchy of couplings
between the light modes among themselves and their couplings to the infinite number of
heavy fields (which is a characteristic feature of a theory obtained through a dimensional
reduction) the contribution of the heavy fields towards the effective action is enhanced and
is of the same order as the interaction terms calculated using only the light modes. As a
consequence, as we will see below, these interactions get quite drastically modified by the
contributions coming from the heavy modes.

4.2 Integrating out the heavy modes

The procedure to derive the effective action for v; and Y from (4.1) is somewhat compli-
cated by the fact that these two fields have very different couplings to the heavy modes,
as well as by the presence of the infinite towers of the heavy modes. It remains, however,
quite standard in essence: In order to obtain the correct effective action in the tree ap-
proximation, the heavy fields u, and v, must be integrated out, which consists in solving



their classical equations of motion:

My, + mu, = JH + Z (J2) — 0Kk, um
m#0

+ Y (KK, = KE )8 + )y 4. (4.5)

3
AN
o
3
i

"0, vp + m%vn = j,(Ll) + Zﬁ (jr(if)b — QLKﬁm)vm
m##0

+ SO(BE, — B2)00m + Y TP + .. (4.6)

4.

m#0

3
AN
o

and then substituting the solutions back into the classical action (4.1).
Formally, the solutions of equations (4.5) and (4.6), which we will denote @,, and oy,

can be written:

i = (040, + = I+ 0,0t) |0+ Y (98 - Ok

m#0
m#n
+ 2 <K;;m - K,’fm> Byt + z TG0+ ... (4.7)
m#0 m#1
m¥#n

b, = (3;1(9” +m2 - J2 4 8qujn)_1 JW 4 2 (Jﬁﬁ% - Bul?ﬁm> U+

m#1
m#n
+ 2 (K,f;m - K,é,‘m> 0utm + M T i + ... | (4.8)
m#1 m7#0
m¥#n

The explicit solutions are to be found perturbatively, in powers of 1/m,, and 1/m,,, and of
the couplings A, a and A. Performing the expansion in 1/m,, and 1/m,, we obtain:

~ 1 1 1 1 1 2 1
iAo M

1 1 1 1 1 2 2
o 27;0 mZ (K = K) 04T + 3 Zﬁ m—gt],g%z]&) + ... (4.9)

_ 11 sy 1 1 [0 ey
vn:[——ﬁaﬂawr..lﬁuﬁim—[J,&Tg—aqu;m]J,ﬁﬂu

m% n n m;él 7 7277,
1 1 /- . - 1 1 =
+ = Z = (Kﬁm - K;;m> O I + — i m—zJ,ﬁ,f,lJf,P +... (4.10)

Substituting the solutions u, and o, back into the action (4.1) yields:

1o o 1 1 ALY -
Sef = /d4x {—7’ + 58“Y6HY + 58“2}1(%2}1 — gm%v%—f vf + )\Eg)Q)v% 0"Yo,Y

,10,
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1 (1 1 1 1
-3 Jé)(ﬁ‘@”ﬁ )J”
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1 1 y N ~ . RCI
1 @ _ g or 7O wo_ en m] 7
| 5 e () 20 (52 - ) 5
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1 L %@ ;0 50) 411
2L sz 2L g e I ()
n%0 TopiAL M

In order to determine the explicit form of the effective action in terms of v; and Y, we must
use the explicit expressions for J,(Ll), j,(Ll), JT(L%%, j,(%)% jr(L%%, K*. and K*,. The dominant
contributions to the action must come from (J /m,,)? and (jr(bl) /My )?, where I and JY
are given by the following combinations of the light fields:

1 ~ ~
Jy(Ll) = ;</ dy q”f{fﬁ) oMY oY — a(/ dy @Kh% n) v% (4.12)

JO = \/i; < / dy hlh;> |~20/010,Y +110"9, | ~ X( / dy h%hn> v+
1/ [ .
+ = ( / dy h’lh’n> v "Y9,Y . (4.13)
T —o0

Although the couplings involved in these expressions are fairly complicated functions of
the background field and the wavefunctions of both light and heavy modes, we can at least
estimate their order of magnitude. The estimation can be performed very easily, through

dimensional analysis: each wavefunction contributes a factor a=!

, each derivative gives a
factor a, ®x ~ O (a/ﬁ) and the tension is 7 ~ O (A_la?’). Applying this simple recipe

to (4.12) and (4.13) we see that:
D~ 0 <\/§> Vo,V + 0 <\/)\a3) V2 (4.14)
a

J <o ( 2) [—Qaﬂvla,jf + vla“(?uf/] e (5\(1) B0 (2) 010"V 9,Y (4.15)
The contributions to the effective action relevant at the first order in A can only come from
the terms of Jy(Ll) and jy(Ll) which are quadratic in v; and Y. It is also obvious that that
the contributions coming from any terms involving JT(L%%, j,(L%%, j,(L%%, KH,., and R’ffm are only
relevant at order A2, as they are all accompanied by factors (J() /mn)2 and (j,(Ll) /Mn)?
and therefore can be neglected.

4.3 Effective action at the leading order

(0)

Let us start by determining the effective action at order A\a—!, that is the order of the )\(2 )

coupling between the branon and the scalar appearing in the action (4.1).
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Egs. (4.14) and (4.15) make apparent the fact which we have mentioned above, when
discussing the importance of the heavy modes: the leading contributions to the quartic
coupling \4vi and to the coupling )\(272)1)%6“?8“? yielded by the heavy modes (that is,
contributions involving the leading, constant term of the propagators) are of O (Aa) and
of O (Aail), respectively; that is of the same order as Af) and )\832), given by (4.2)
and (4.3). The actual values of the effective coupling constants can be found by performing
the sums over the heavy modes (this can be done using completeness of the eigenfunctions
and some algebraic relations between the background and the wavefunctions of the light
modes; see appendix B for details).

Once the couplings are calculated, the effective action at order Aa~! reads:

NOUESY

1,00 1 1
Seff = /d4x {—7’ + 56“Y8ﬂy + 58“2}1(9”1)1 §m%v%—7 1+ —v%@ a“vl} , (4.16)

where the contribution of the heavy modes shifted the effective quartic coupling constant:

1 0 1 1 N O’2 &
A = )\()—?2 m—%</_dy¢hfn> ()\—)\Z>/_Odoyhi‘ (4.17)

n0
and cancelled — at the leading order Aa~! — the coupling of the interaction
term UIB“Ya Y:
« 1 & o0
AES?Q) - = ZZ — (/ dy <I>}<f;> (/ dy <I>Kh%fn> =0. (4.18)
T nZ0 mn -0 -
The coupling X} is:
O[2 1 [ 2 A
Ne=5 2L — (/ dy @Kh?fn> = =J(0) (4.19)
n#0 My - a

with

The action can be further simplified using

4 4
/ trviororel = —3 /d4x V3Ot = gml /d4x vy,

where in the last step we have used the equation of motion for v; (the quartic term is
negligible at the first order in A). As the coupling N} ~ O(Aa~1), this term therefore gives
a correction to the quartic coupling suppressed by /m?/a? and can be reabsorbed through
the redefinition of this coupling:

4
A=A - SN ~ AL
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At the order O(Aa~!), our effective action reads therefore:

1o~ - 1 1 A
Sup = / Az {—T + 50"V 0,V + 50" 0100 — ginfef - fvi‘} : (4.20)

Let us stress that the equations of motion for v; and Y can be used (at order Aa~! or
any higher order of the calculation) without any loss of generality and that, in particular,
using them does not imply that our effective action is only valid on-shell. Any terms
proportional to the equations of motion appearing at any given order of approximation in
the calculation of the effective action, can be eliminated simply by a redefinition of the two
fields which does not modify the rest of the action (for instance, the redefinition allowing
to pass from (4.16) to (4.20) is v1 — vy — 3Ajv3). Following this logic, in the subsequent
calculations we can therefore also use the equation of motion for Y to set to zero all the
terms of the effective action proportional to 6“(3“}7.

As we see, at order O(Aa!), the branon is decoupled from v;. This feature of the
effective action (4.20) is obviously in agreement with the Nambu-Goto action, eq. (2.2), in
which any coupling of branon excitation to the matter must be suppressed by the tension
of the brane (which, let us remind, is in our case of order O(A~1a?)).

4.4 Effective action at order O(1/7)

Interactions between the scalar field v; and the branon Y do appear at order O(\a™3),
or in other words at O (1/7). The effective action at this order reads (the details of the
calculation of coupling constants can be found in appendix B):

1, o0 & 1
Seft = / d'z {—T + 50"V 0,Y + 2

T

- ~\2 1 1 A
<3“Y8MY> + 58“1)13“)1 - 577@1)% - fv‘f

+ %8"?8”?(%1}1&,2}1 + %I(a)@“?@uf/ [0"v10,01 — Mivi] } , (4.21)

where I(0) is the following function:

(o) =0 < / Z dym>l / Z dywﬂ(y) /0 Ly lcosh ()P . (4.22)

The graph of the function I (o) is presented on figure 2. Comparing our effective action,
eq. (4.21), with the Nambu-Goto action, eq. (2.3), we see that although the two are very
similar, they are not identical. Indeed:

1 -
sgealar G ¢ = — 4 (1+21(0)) / d*z 9"V 9,Y [0%v10av1 — mivi] . (4.23)
We see, therefore, that the actual form of the action seems to depend on the underlying
field-theoretical model, even in the thin wall limit. Moreover, I(o) takes positive values

for positive o, which means that whatever value of ¢ we choose, our effective action will
never be exactly equal to the Nambu-Goto action.
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Figure 2. Parameter I(o) appearing in the effective action

4.5 Covariant formulation

Even if the effective action of the domain wall which we have determined is not identical
to the Nambu-Goto action, we can expect it to obey the same fundamental covariance
principles, the branon Y entering the action only through the induced metric I = M —
(3“}78,,?/7' (and its derivatives). We should therefore be able to rewrite our effective
action (4.21) in terms of geometric invariants, as it is the case for the Nambu-Goto action.
This amounts to rewriting (4.23) in a covariant way, which can be achieved noticing that
(up to total derivatives and inessential terms involving derivatives of 30‘8&}7):

1 ~ ~
SIS\ICéIar — Sep = _g (1 + 2[(0_)) /d4$ 3uya“Y6aaav%
— —- (1+20(0) [t 0 V0,0,7

This last expression can be readily related with the Ricci scalar calculated from the induced
metric, which reads:

1 ~ =~ 1 - 1 ~ -~ 1 ~\ 2
R=—-0°0, <8”Y8VY> +28%9, (aaya"y> = 299"V 0.0,V + - (avayy) . (4.24)
T T T T
Our effective action can therefore be written:
4 Lo L o9 Ay 1 2
Seg = [ d*x /g —T+ §g“ 0, v10,v1 — SMIvT — v — (1+2I(0))viR; , (4.25)
where we have eliminated the inessential term (6”6,,?)2 appearing in the expression for R.

The action (4.25) is therefore the sum of the familiar Nambu-Goto action and an additional

interaction term between the scalar and the branon involving the Ricci scalar of the induced
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metric £v? R. Our model of domain wall being fairly generic, the presence of this term is
also a generic feature of the brane action.

Non-minimal coupling of the form ¢Rv? reminds the gravitational term in tensor-
scalar theories of gravity [34], appearing naturally in string theory as dilaton coupling. It
should be stressed, however, that there is no dynamical graviton in our setup and that the
curvature R is here only a self-coupling of the branon Y. It is quite likely though that such
terms, with R playing the role of the kinetic term of the graviton, would be generated as
induced gravity effects [26] when quantum corrections are taken into account.

4.6 Finite-width corrections

To conclude this section, let us take a brief look at the corrections of order O ()\a*5) to
our effective action, focusing on the branon part. At this order the brane action reads:

1 - .
Sbrane ~ /d45C {—T + 58“1/0#5/4—

1 fe'e) 2 B R 1 1 ~ ~
+t53 < / dy ¥k f,g> MY,y [W - ﬁaaaa] Yoy } (4.26)
n%0 oo n n
Calculating the contribution of O(p?) corrections in the expansion of the propagators

we find:

| S | - ~\2 7—-6
= [ d*zd -7 Zom I _
Shrane / d x{ 45V OY + = (0470, ) — T

T

(770,7) (000 Y 0,0,7) }
(4.27)

In the last term of this action, a subdominant quartic self-coupling of Y, we can again

Ta?

identify the curvature scalar R. As R is a total derivative (see eq. (4.24)), we can include
it in the action (4.27), which can then be rewritten in the covariant form:

-6
Sbrane = /d4£l? \/§ {_T - 7T24a_2 RT} . (428)

This is the correction to the Nambu-Goto action which has been obtained in [30] using
Gauss-Coddazzi formalism in the case when the width of the domain wall (which, let us
remind, is of order O(a~!)) is small but finite. The “antirigidity” term proportional to
the trace K of the extrinsic curvature appearing in [30] (see eq. (2.4)) is absent in our
setup. Also, any terms proportional to K appearing at higher orders in the calculation of
the effective action can be set to zero. Indeed, in terms of the branon field, the extrinsic
curvature reads K,, = (9“&5// V7 and therefore K = K}, is proportional to the lowest
order equation of motion for Y, K = 9*9,Y //T. As we have already stressed, within the
region of validity of our effective theory, any such terms can be consistently eliminated
from the action through redefinition of the fields.

5 Physical implications

We have seen that our low energy effective action differs from the Nambu-Goto action
by an additional interaction term of the scalar field v; with the branon Y. Naturally,
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we expect the presence of this term to have physical effects and in this section we will
investigate some of them.

5.1 Scalar-branon scattering

The simplest physical process in which we expect a manifestation of the difference between
our effective action and Nambu-Goto action is the scattering of the scalar field v; on
branons. At leading order, it is described by the following terms in the action (4.21):

1 e 1 o 1 N
Q—OHY(?VY@,,vla“vl + Q—I(U)auyaﬂyayvlayvl — Q—I(J)m%v%(?“Y(?“Y (5.1)
T T T

These give a four-particle vertex with amplitude

V(P Pi,»Y
/, 1
, .
9(p1,p2,p3,p4) = P i = —i— [P2,uPyp1vP5 + P1upyp2,p5]
2 S D3
N (G [pLuph + 7] (5.2)
U1 Y - 3,vPyq [P1,ul 1] .

where we consider that all momenta are incoming. In the center-of-mass frame we have,
p1 = (w1,P1),p2 = (w1, —P1) with wy = /|p1]? + M3 and p3 = (w3, P3), pa = (w3, —P3) with
w3 = [p3].

The differential cross section for this process is:

do Iz

2
e o] | 5.3
dQ  2(8m)2s |p1| g™ (5:3)

where

1 - 1 N
lg* = = |20 w3 (1 + 41(0)) + 2(p7 - Ps)°| = o |(2mf —t —w)2(1 +41) + (t — U)Q{z )
s=(p1+p2)? =4w} t=(p1 —p3)?, u=(p1 — ps)? being the Mandelstam variables.
The corresponding result for the Nambu-Goto action is obtained when replacing (o)
by —%. Remember however that (o) never reaches —% for any o.

5.2 Corrections to the potential of the fifth force

As it has already been noticed in [17], massless branons can mediate a long-range force
between particles on the brane. In [17] the static potential arising from the branon exchange
between two fermions of masses m and m’ has been derived:

3 mm/

V) = ~Togaar 7

(5.4)
where r denotes the distance between the two particles and the minus sign implies an
attractive force. Given that branons couple to matter fields only through the induced met-
ric, we can expect this force to be gravity-like in the sense to be universal (independent
of charge or spin of the interacting particles, as suggested by (5.4)). We expect the addi-
tional coupling between the light scalar and the branon appearing in our effective action
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to produce corrections to the potential (5.4). To determine the nature of these corrections,
let us calculate the potential resulting from the branon exchange between two scalars v.
We follow here the analysis of [17], where more details on the calculation can be found.

The leading contribution to the static potential between two wv;’s of mass mq comes
from the one loop diagram containing two vertices (5.2):

U1

— iMeg(p1,p3,q) = |
\

U1 L U1

_ i d4k g(p17p27_k7k_q)g(p37p47k7q_k) (5 5)
22 | @y Rk q)? '

The scattering amplitude Meg can be computed using the method of dimensional regu-
larization (by changing the dimension in the integral to n = 4 — 2¢ to extract divergent
contributions). When the scalars are non-relativistic (p; = ps = (rn1,0)), it depends on
the momentum transfer ¢ only,

, 1 ia(23 1 q? 1
—_ = — _— —1 _—— _—
iMeg(q) 5.2 [mlq <15O 20 og( 2 + 502
4 1 q2 1
6
1 1 q2
8 2
I — — =1 —— —
+ ¢°I%(0) <2 1 og< ,U2> +4€>} ,

where we have introduced a renormalization scale . The divergent constants can be renor-
malized introducing higher-dimensional counterterms in the Lagrangian, only the logarith-
mic terms are of physical relevance. The effective static potential can be computed as the
Fourier transform of the amplitude Mg:

qd iqr
"= 52 /%3 Mat(q), (5.7)

where the factor 4m? comes from the difference of normalization between relativistic and
non-relativistic fields. The integral can be performed in the complex plane and only the
discontinuity of the logarithm contributes. The static potential reads:

Vir)=-—

3 mi 105I(0) [ 1 271(0)} (5.8)

1287372 7 83712 | 499 ﬁz%rll

The leading term is identical to (5.4). As expected, non-minimal coupling of the scalar
to the branon field produces subleading contributions to the static potential. It should be
stressed that as the coupling ¢ Rv? is particular to scalars (for dimensional reasons), we
cannot expect these corrections to be universal.
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5.3 “Higgs” decay into branons

The most remarkable effect of the ¢ Rv? coupling in our effective action appears in the
presence of spontaneous symmetry breaking in the four-dimensional theory.®? Indeed, it can
be readily seen that this term opens the possibility of decay of the scalar v; (which we can
now consider as a toy Higgs field) into branons. When changing the sign of the mass term in
our effective action, eq. (4.25), v; acquires a vacuum expectation value ¢, ~ m3/\,. Shifting
the field, v1 — v1 +¢,, we obtain the following trilinear interaction term in the Lagrangian:

n? 1 s e 1 -
% <I(J) + 5) 020,V ory ter, D2 <I(J) + 5) WA Yo +..., (5.9
T T
which gives a three-particle vertex with amplitude
P, Y
q % S LY -2
M= _L__ = — <I(U) + —) mik,p". (5.10)
~
~
\\ 5}

This yields the rate of the decay of v; for into two branons:

1 / dk  dBp 2m)*6*(q—p—k)
4’1’711 (271')3 (271')3 4])0]{30

|IM|%. (5.11)

L vy
If the Higgs particle is at rest, we have ¢ = (m1,0),k = (%,E),p = (%,—lg) with
|k| = L. In this case, the decay rate is

2
e 1\? i 1\?
I ooo=d% (1) 4 =) =0 (o) +=]) . 12
u=YY = 98,2 ( (o) + 2> 256 AT ( (o) + 2) (5:12)

It is natural to assume that in a more realistic brane model, involving the physical Higgs,
such a process would also be present. It could be a good indicator of the existence of
branons and would put bounds on the allowed value of the brane tension. For instance, if
the Higgs mass is 150 GeV and the brane tension is 7 = (300GeV)#, then the Higgs decay
width into branons is I' | vy ~ 4+ 1073 GeV which is roughly 1/3 of the total decay width
for the Higgs in the Standard Model (through standard, non-exotic, channels), see [23]. Of
course, for these optimistic values of m; and 7 our calculations are only marginally valid
and for smaller ratios of the Higgs mass to the tension, this decay is rapidly suppressed
(because of the factor (7}/7)?) and therefore very difficult to detect.

6 Conclusions

We have determined the effective action on the brane in an explicit field-theoretical model,
where the brane is modelled by a domain wall in the five-dimensional Minkowski space. In

8Strictly speaking our derivation of the effective action is not valid in this case, as when m? < 0 the
kink configuration (3.2) becomes unstable. However, by covariance principles, we can expect that the
form of the action will be the same (except for the sign of the mass term). This is confirmed by our
calculations performed by perturbation around the background configuration in the broken phase, which
will be presented elsewhere.
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this model, the four-dimensional low energy field theory contains two scalar fields localized
on the brane, one of which is a massless branon excitation whereas the other (endowed with
a small mass) plays the role of a matter field. Our calculation confirms the importance
of the heavy modes of the spectrum in the derivation of the effective action, as pointed
out in [33]. The comparison of the four-dimensional effective action with the Nambu-Goto
action has revealed the presence of an additional interaction term between the branon and
the light scalar, which is proportional to the curvature scalar. Presence of this term modifies
the cross section of the branon-scalar scattering and yields short-distance corrections to
the potential of the “fifth force” mediated by branons. In the presence of spontaneous
symmetry breaking, this term allows for a non-zero decay of the “Higgs” into branons,
which could be used to put bounds on the allowed value of the brane tension.
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A Explicit expressions for the couplings of the heavy fields

The explicit expressions for the combinations of lights fields coupling to the heavy fields,

entering the action (4.1) are:

J = % ( / dy D f,;> MY ,Y — ( / dy ® xh? fn> v? (A1)
- 1 - - - oo
Jo = = ( / dy hlh’n> 20010,V +010"9, 7| — X ( /_ dy h{’hn> v+
+ % ( / dy hgh;> vV1"Y 9,Y (A.2)
o] 1 o ~ ~
J2 = _q ( / dy b3 f,, fm> v+ - ( / dy fh f,’n> 'Y o,Y (A.3)
1 o .
Kt o= —— | dyfl fm )oY A4
o= ([wsin) 0 (A1)
J2 = _3) ( / dy h%hnhm> v} + % < / dy h’nh;n> MY 9, Y (A.5)
- 1 o0 -
) —— ! ny A.
jﬁ% = —« </ dy (IDKhlfnhm) (%1 (A?)
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B Calculation of the effective couplings

The technique to derive the effective couplings of our effective action (4.1) is conceptually
quite simple (although in practice its implementation is not always entirely straightfor-
ward). The difficult part is, of course, to calculate the sums over the heavy modes appear-
ing in the expressions for the couplings. The basic idea is to cancel the 1/m?2 factor entering
the expressions under the sum by extracting a factor m2 from one of the integrals under
the sum (when calculating higher order corrections, one needs to extract the necessary
number of such factors). This can be achieved with the help of the following identity

1 1
F'(y)0, = 5[F(y), ] = S F"(y) - (B.1)
Here F(y) is an arbitrary function and Q? = —83 + U(y) is a self-adjoint Schrédinger

operator with some potential U(y). We will use the Schrédinger operators determining the
spectrum of our theory, that is either Q? fn = m2f, or Q%hn = m2h,. Eliminating the
dependence on the masses allows us to use the completeness of the wavefunctions to perform
the sum over the modes and end up with closed-form expressions for the effective couplings.

As a concrete application of this method, let us present the calculation of the quartic
self-interaction for vy:

— 5\ > 4 1 1 > 2 ?

We begin by deriving the equality

/Ojlcthf—mi%U/OZl foF where = (B.3)
_Ooy K 1Jn — 2a(1+0_) _Ooy 0 n - fO . .
To start, we rewrite the integral as follows:
00 o] h2 v 00 h2 v 00
dy®rhifn= | dy®rfotfo=—-[ d ’—1n:——/d g
[ avowtin, = [avoniin =~ [ avniGin -5 [ w e,

where we have set F' = h?/f. Using the identity (B.1) we obtain:
* 2 v [ It v [ 2 %
[vetis, =~ [y fur sy =1 [ dy s (P95 - P} g
v o 2a >
= "1 {—m%/ dy fnF'fo — (1~ U)/ dyq)Kanlfo}

v [ 1 o
— w2 [ dyFh+ 5= o) [Cdyeni,,

where we have used F” = (2a/v)(1 — 0)®x F’. This yields the identity (B.3).
We can now perform the sum over modes in the expression for the effective coupling A4,

eq. (B.2). Indeed, using (B.3) we have:

o2 1 00 2 42 1 o0 v o)
NI b2 == - ®rh? S — 2/ F
53 iz ([ tvowiin) =5 S oz ([ tvoniin,) (gt [ o or s,

n#0 n%0
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ot [ [Cigecm @) 3 5013

Using the completeness relation:

jfn Vul) = 8y — 9) — Folw) fol@)
n#0

a? 1 & 2 a?v
— — O i h? - o F.
23 ([ vmwin) = g [ dvowiis

n#0
(Given that @ is odd and h; even, the zero-mode term does not contribute ). Upon using
a = Ao(o +1)/2 and the identity

we obtain:

Ochifo=— (ht fo)' (B4)

2a(0 +1)

this can be further rewritten as:

2 2,2 2 00
—j ([avenntt,) =g [t r =a% [

Inserting this result into eq. (B.2) we obtain, as advertised:

NG s
Ay = Z—)\lﬁ /dyh

As all the other couplings present in our effective action can be calculated in a similar
manner, we will skip the details of their calculation and will instead present the summary
of the results together with the equalities of the type of (B.3) which we have used.

The identity:
[ dvvict = g [ dyy@ict,. (B.5)

(which was used in [35] in the derivation of the perturbation theory for the one-dimensional
kink) allows us to derive:

1 o0 2 1 1
ZZW </_Oc£y<1>}<fé> - 2/dy =37 (B.6)

n#0 "
1 > 1pt ? > 2572 T 2
o mi, WOkfu) = | k=g (7 —6) (BT
1 oo & ov
— dy @ f! dy®rhf,) = B.8
m%(/ooy Kf”)(/ooy K 1f> 21 + 0)(1 + 20) (B.8)

Combining (B.3) with (B.5) yields:

f el Lo [avowis) - @9

n#0
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where

(o) = o ( /_ o; dym%M)_l /_ o; dyﬁ% /O Ly lcosh()Z¥ . (B.10)

Using twice the identity (B.3) we obtain:

with

g (o) oo

n#0 n -

Finally, the identity:

/ dy hihl, = 3 (s, — m7) / dyy hihy, (B.12)
—0o0 —00
allows us to derive:
1 o0 21 omd 1
— </ dyhlh'n> ~ - — ﬁ/ dyy*ht ~ = (B.13)
o mz \J_oo 4 2 J_ 4
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